|
y

'
A

Freescale Semiconductor
Application Note

Document Number: AN4249
Rev. 1.0, 11/2015

Accuracy of Angle Estimation iIn
eCompass and 3D Pointer

Applications

by: Talat Ozyagcilar
Applications Engineer

1 Introduction

This application note addresses the rel ationship between
errors in the outputs from accel erometer and
magnetometer sensors and theresulting errorsintheraoll,
pitch and yaw angles computed by a tilt-compensated
eCompass or 3D Pointer application.

The mathematical approach continues that developed in
Freescale Application Notes AN4248 “Implementing a
Tilt-Compensated eCompass using Accelerometer and
Magnetometer Sensors’, AN4246 “ Calibrating an
eCompass in the Presence of Hard- and Soft-Iron
Interference” and AN4247 “Layout Recommendations
for PCBs Using a Magnetometer Sensor”. It is
recommended that these are read first to provide the
mathematical foundation for this document.

The error analysis starts by determining the relationship
between accelerometer errors and errorsin the estimated
roll and pitch angles. The consequent error in compass
angleisthen derived from theroll and pitch angle errors.
Expressions are then derived for the errorsin the
compass heading angle resulting from errorsin the
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Introduction

magnetometer sensor and the hard- and soft-iron calibration. The final section extends the discussion to
the statistics of time varying sensor outputs.

To avoid unnecessarily complex phrasing, the term “compass heading” is used throughout to refer to the
yaw angle. Where small angle approximations are used, it should be assumed that the angle is measured
in radians.

1.1 Related Information

C source code and additional documentation are available for download at
www.freescal e.com/sensorfusion.

1.2 Key Words
Accelerometer, Magnetometer, eCompass, 3D Pointer, Angle Error, Hard Iron, Soft Iron.

1.3 Summary

» Theaccelerometer sensor output is used by the tilt-compensated eCompass algorithms to compute
theroll and pitch angles. Errorsin the accel erometer output therefore create errorsin the computed
roll and pitch angles. With asmall angle approximation, theroll and pitch angle errors are roughly
equal to theratio of the accelerometer errors to the gravitational acceleration g.

» Errorsinthe estimated roll and pitch angles|lead to an error in the estimated compass angle. With
asmall angle approximation, the compass angle error is approximately equal to the square root of
the sum of the squares of the roll and pitch angle errors.

* Aninstability in the roll angle calculation exists when the PCB is held at a pitch angle closer to
vertical than theratio of the z-channel accelerometer error to g. Thisleadsdirectly to an instability
in the compass angle if workarounds are not deployed.

» The sum of the magnetometer zero field offset and the hard- and soft-iron magnetic interference
created by ferromagnetic components on the PCB will typically dominate the geomagnetic field
and completely jam an eCompass if software calibration algorithms are not deployed.

» Anyinaccuracy inthe estimated magnetometer zero field offset and hard-iron calibration will leave
aresidual fixed magnetic offset which manifests as a compass heading error varying sinusoidally
with one error cycle per 360° rotation in compass heading. The amplitude of this compass heading
error isequal to theratio of the square root of the sum of the squares of the residual hard-iron error
to the horizontal geomagnetic field component.

* Any inaccuracy in the soft-iron calibration will leave aresidual directional distortion of the
geomagnetic field which manifests as a compass heading error also varying sinusoidally with
compass heading but with two error cycles per 360° rotation in compass heading.
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Angle Estimation in the eCompass and 3D Pointer

2 Angle Estimation in the eCompass and 3D Pointer

The tilt-compensated eCompass uses the combination of a three axis accelerometer and a three axis
magnetometer in asix degree of freedom system. Calibration algorithms correct the magnetometer
readings for hard- and soft-iron interference generated by ferromagnetic components on the PCB. The
accelerometer output is used to correct the magnetometer output in roll and pitch angles after which the
final compass heading is computed.

Since the tilt-compensated eCompass algorithms compute all three roll, pitch and compass angles, the
eCompass can a so be used to implement a 3D remote control pointer. Typically the compass heading and
pitch angles are used to define the pointing direction in the horizontal and vertical axes respectively. Full
details are provided in application note AN4248.

3 Accelerometer Induced Errors in Roll and Pitch
Angles

This section calculates the errors in the computed roll ¢ and pitch 6 angles as afunction of errorsin the
three accelerometer components.

Equation 3in application note AN4248 givesthe accel erometer output G, at true orientation angles ¢q and
6o asafunction of the rotation matrices R, (¢p) and Ry (&) defined in AN4248 equations 5 and 6. Adding
an accelerometer error vector { AGy,, 4Gy, AGy;} extends AN4248 equation 3 to:

Gpx AGp, —gsing, + 4G,
Gp=| Gy | = Ri(®)Ry(8)| O] +| 4G, | =| gcosbysing, + 4G, Eqn. 1
G 4G, gcoséycosg, + AG,

In application note AN4248, equation 13 defines the estimated roll angle ¢ in terms of the two
accelerometer components Gy, and Gy,

G
tang = (629 Eqn. 2
p

Combining Equations 1 and 2 gives an explicit expression for the error A¢ in the estimated roll anglein
terms of four variables: the true pitch and roll orientation angles &,, ¢y and the y- and z-channel
accelerometer errors AGp, AG,:

gcosysing, + AG,,
gcosgycosg, + AG,

Ap= gy = tan‘l(gi) — gy = tan‘l( - Eqn. 3

For the special case where 4G, = 0 (no z-channel accelerometer noise) and &, = 0 (no pitch rotation),
Equation 3 simplifiesto:

_1/9sing, + AG
Ap = ¢p—¢, = tan 1(99‘”#%”) — by Eqn. 4
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Accelerometer Induced Errors in Roll and Pitch Angles

Application Note AN4248, equation 15 defines the estimated pitch angle @in terms of the three
accelerometer components Gy, G,y and G, and the estimated roll angle ¢

tang = ( s ¢) Eqn. 5
Gpysing + G, cos

Combining equations 1 and 5 gives the expression for the error 48in the estimated pitch angle:

A0 = 0-0, = t ‘1( 9Sinby — AGy, Eqn. 6
= 970 = tan (gcos,singy + AG,,,)Sing + (gcosé,cosg, + Asz)cosga)_ 0 an-
For the special case where 4G, = 4G, = 0 (no y- or z-channel accelerometer noise present) and
¢ = ¢o= 0(noroll rotation), Equation 6 simplifies to:
| gsing,— AG,,
40 = 6-0, = tan (————-——P—gcoseo ) 6y Eqn. 7

Equations 4 and 7 areidentical in form, apart from asign difference in the terms 4G, and 4G, Figure 1
shows the form of both equations as afunction of accelerometer error AG,, and AG,, varying from 0 mg
to 100 mg. The peak error occurs near zero roll or pitch angle with value (in radians) equal to the ratio of
the accelerometer noise component to g.

6.0 =—100mg

00—
-80 -60 -30 0 30 60 90
Roll or Pitch Angle (deg)

Figure 1. Angle Error (degrees) for Gpy (Roll) and Gpx (Pitch) Errors

Equation 3 can be similarly simplified for the special cases of zero pitch angle 6,= 0 and Equation 6 for
zero roll angle ¢, = O with accelerometer error in the z-axis only to give:

- oty = (%
40 = =g = tan (S g, Eqn. 8
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Instabilities in Roll and Pitch Angle Estimation

gsing,

gcosby+ 4G,/ % Ean. 9

A6 = -6, = tan‘l(
Equations 8 and 9 have a similar form and are plotted together in Figure 2 for the z-axis accel erometer
error 4Gy, varying between 0 and 100 mg. In this case, the z-axis accelerometer error has least impact at
flat orlentatlon and has most impact at pitch and roll angles near 90° where the z-axis accelerometer
reading approaches zero and is dominated by the error AGy,,. Using therelation tan™(x) = 772 - tan™(1/x),
the error at 90° equals the ratio of the z-channel noiseAsz tog.

AngleError (deg) for Gpz Error w=100rg

—O0mg

6.0 - 20me

5.0 ==70mg
w=G0mg

4.0 S0mg
3.0 - 40mg
30mg

2.0 20mg
10meg

0 Omg

Roll or Pitch Angle (deg)
0.0 i

-80 -60 -30 10 9 30 60 50
2.0
-3.0
-4.0
5.0 -
6.0

Figure 2. Error in Roll and Pitch Angle as a Function of sz Errors

4 Instabilities in Roll and Pitch Angle Estimation

The previous section determined the errorsin theroll and pitch angle as afunction of accelerometer errors
when the other angle (pitch or roll respectively) was zero. Figures 1 and 2 show that the errorsin the
estimated angles are numerically well behaved in these special cases. This section investigates whether
there are orientations where the roll and pitch angles become unstable and infinitely sensitiveto
accelerometer errors.

The estimated roll angle ¢ is defined by Equation 2 in terms of the measured y and z-accelerometer
outputs. Simple inspection of Equation 2 indicates that:

i) The estimated roll angleiswell behaved for al Gy, when G, is not near zero. Zero Gy, gives an
estimated roll angle of zero.

i) The estimated roll angleisaso well behaved for all G
estimated roll angle of -90° or 90 °.

iii) The estimated roll angle s, however, unstable when both G, and Gy, are near zero. The estimated roll
angleis essentially random in the range -180° to 180°.

pz When Gy, is not near zero. Zero Gy, givesan
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Instabilities in Roll and Pitch Angle Estimation

The third case corresponds to the eCompass pointed vertically upwards at 90° pitch angle or vertically
downwards at -90° pitch angle. The accelerometer is then insensitive to any rotation in roll since the roll
axisis aligned with the gravitation vector and both G, and G, are zero irrespective of roll angle.

Sincetheroll angleisused to de-rotate the magnetometer reading, theinstability in the estimated roll angle
also leads directly to an instability in the compass angle.

This can be understood in the mathematics of the rotation matrix sequence defined in AN4248. Expanding
the product of the three rotation matrix sequence when the compassis vertical at 8,=90° gives:

1 0 0 00 -1 cosy Siny, O

Rx(¢O)Ry(90 = @Rz( ¥o)= | 0 cosgy sing, || 01 0 || —siny, cosy, O Egn. 10
0 —sing, cosg, /) 10 O 0 0 1
0 0 -1
= | —sin(yo— @) COS(Yo—¢) 0 | = Ry(<90= %’)Rz(vfo—%) Eqn. 11

cos(Yo— @) SN(Ypo—¢p) O

Equation 11 states that when the compassisvertical, any rotation in roll addsto compass angle. Any error
inthe estimated roll anglethereforeleadsto anidentical error in the estimated compass heading. The same
mathematics applies when the eCompass is pointing downwards at 6= -90°.

In practice thisroll instability is more of atheoretical problem than a practical problem. A simple
workaround is to mix approximately 5% of G, into the denominator of Equation 2 in order to smoothly
drive theroll angle to zero at near vertical operation. This stabilizes the eCompass and has the additional
benefit of changing the compass pointing direction to align with the z-axis, exactly as would be expected
by auser holding up an eCompass vertically. Equation 2 with this workaround then becomes:

G

tang = | —2— with & ~5% Eqn. 12
(sz+ aG,,

The pitch angle 6, at which the calculation of the roll angle ¢ becomes unstable, assuming that the

workaround in Equation 12 is not used, is given by the zcomponent of Equation 1 as:

6, = cos’

114G, for small 6, Eqn. 13
g

z :(g) -6, ~sin™

Equation 13 is plotted for 6,in Figure 3. The behavior is physically realistic decreasing from 90° for no
accelerometer error to 0° as the z-channel error approaches 1g.

AGy,| _ ‘AGEZ
9 9
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Instabilities in Roll and Pitch Angle Estimation

Maximum Pitch Angle (deg) vs Gpz Error

\

100 200 300 400 500 600 L] B00 500 1000

Maximum Pitch [deg] for Accurate Operation

Gpz Error (mg)

Figure 3. Maximum eCompass Pitch Angle versus G, Error

No such instabilities occur in the calculation of the pitch angle using Equation 5. This can be proved by
substituting the two trigonometric identities with Equations 2 and 5:

sing = ( ttan 2) Eqgn. 14

1+ tan

+1
cos¢ = (— Eqgn. 15
N1+ tanza]

-G -G
tang = BX = [—LJ Eqn. 16
tan ¢ 1 G %2+g.2
Gpy + G| —— py pz
N1+ tan’ J1+ tan®

Applying the additional constraint that the modulus of the accelerometer output equals the gravitational
acceleration g:

2 2

GpX2+ pr2+ Gy, = ¢ Eqn. 17
gives:
-G "
tan@ = _ZLZ Eqgn. 18
/\/g _pr

It isimpossible for both numerator and denominator in Equation 18 to be simultaneously zero. The pitch
angle g, calculation is therefore stable under all circumstances.
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Accelerometer Induced Errors in the Compass Angle

5 Accelerometer Induced Errors in the Compass Angle

The previous sections have derived expressions for the errorsin roll and pitch angles as a function of
accelerometer errors. These pitch and roll angle errors lead to an error in the compass angle even before
the magnetometer datais used.

AN4248 equation 4 gives the magnetometer output B, (ignoring any magnetometer error and any hard- or
soft-iron interference for now) in terms of the true orientation angles and the magnetic inclination angle 6
as.

Bpox cos
B, = Bpy | = Ru(#0)R(6)R,(¥p)B| 0 Eqn. 19
B, sin

After correction for the estimated roll and pitch angles, the de-rotated magnetometer output is:

cos
Ry(=OR,(=9)B, = R,(p— OR(dp— AR ( %)B{ 03 Eqn. 20
sin
COS ¥,COSO COS,C0So+ A0sind
= Ry(-40)R(-49)B| _sinyycoss | =B —siny,coss— Agsing Eqn. 21
sind —A6cos 1, CoSo— APsin y,coso+ sind

AN4248 equations 20 to 22 give an expression for the estimated compass angle y as the negative ratio of
the y and x tilt-compensated magnetometer readings. Substituting the components of Equation 21 gives:

snyg + Agtand y _tan_l(sinz//0+A¢tan5

= + A = ( =
tany= tan(yo + Av) = (o5 Wy + A6tan cosy, + Abtan

- ¥ Eqn. 22
Figure 4 shows the Equation 22 geometrically. Simple inspection shows that the error Ay will vary
sinusoidally with true compass angle g and that (assuming Agtand and Aétand are much less than unity)
the maximum value of Ay will have value in radians given by:

Ay = A(Agtand) + (A6tan5)’ Eqn. 23

It should be noted that the small angle approximation used in Equation 23 breaks down near the
geomagnetic poles where tandis unbounded.

The compass error angle Ay will equal zero at true angles y where:

_ Agtand _ A9
tan(yg) = oS- A0 Eqgn. 24
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Accelerometer Induced Errors in the Compass Angle
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Figure 4. Geometry of Accelerometer-Induced Compass Angle Errors

Equation 7 plots Equation 22 for Agtano = Aéandwith both ranging from 0° to °error and for varying yp
between 0° and 360°. As predicted by Equations 23 and 24, the maximum accel erometer induced compass
angle error when Agtand = AGand equals 5° is Ay = 5./2 = 7.07°. Zeroesin Ay occur as predicted at
45° and 225° where tan(4y) = 1.

Accelerometerinduced Yaw Angle Errors

m

Yaw Angle
Error (deg)

e

—=5deg
— 4 deg
——3deg
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315 360
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Figure 5. Accelerometer-Induced Compass Angle Errors
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Hard-lron Magnetic Calibration Induced Errors in Compass Angle

6 Hard-lron Magnetic Calibration Induced Errors in
Compass Angle

This section derives expressions for the additional errors in the compass heading angle resulting from
incomplete removal of hard-iron effects by the magnetic calibration algorithms. These
magnetometer-induced compass errors add to the accel erometer-induced compass error in Equation 22.

Application note AN4246 contains an explanation of how the zero field offset error in the magnetometer
sensor is indistinguishable from a hard-iron offset generated by ferromagnetic PCB components and is
conventionally calibrated at the sametime asthe hard-iron offset. Theterm 'hard-iron offset’ in this section
therefore refers to the sum of the ferromagnetic hard-iron offset and the magnetometer sensor zero field
offset.

For simplicity, and to decouple the discussion from errorsin the accel erometer sensor, this section uses a
two-dimensional model to examine the effects of incomplete removal of hard- and soft-iron effects.

AN4248 equation 8 defines the magnetometer sensor output By, in terms of the true orientation angles and
the true hard-iron vector Vg with true components Vyg, Vi, V0. Restricting the magnetometer sensor to be
flat with zero roll and zero pitch angle gives.

Box cosd Bcosy,coso+ V,q
Bp =1 By | = R(W)B| 0 |+Vo=| —Bsinyycosd+ Vg Eqn. 25
B, snd sind+ V,

The estimated compass angle yis computed from AN4248 equation 22 using the best estimate of the
hard-iron offset vector V with components Vy, W, V!

—(Byy—Vy) _ —{-Bsiny,cosd—(V,—V,o)}
(Bpx—Vy)  {Beosyycosd—(Vy—Vyo)}

tany = tan(yy + dy) = Eqgn. 26
Theterms (Vy - Vo) and (Vy - Vyo) arethe errorsin the estimation of the components of the hard-iron offset.
If the calibration algorithms have operated with complete accuracy then (Vy = V,o) and (W, = V) and
Equation 26 simplifiesto:

BSH’ll//oCOSi:) =0 Eqn. 27

_ 1
Ay = tan <Bcos ¥, COS

In the general case, however, there will be aresidual error in the estimation by the magnetic calibration
algorithms of the hard-iron offset. Equation 26 can be written in terms of these residual hard-iron errors
AVy = Vy - Vygand 4V, =V, - Vg as:

AV AV,
A vy (2]
_ _ Bcos oA Bcos
tany = tan(z//O+A1//)——m/:Al//— tan —AV - ¥ Eqgn. 28
X X
COS¥o~\Bcos cos %_(Bcosd)

Accuracy of Angle Estimation in eCompass and 3D Pointer Applications, Rev. 1.0

10 Sensor
Freescale Semiconductor, Inc.



Soft-Iron Magnetic Calibration Induced Errors in Compass

Equation 28 is now in the form of Equation 22 and the results derived from Equation 22 can be re-used.
Specifically, errors AV, and AVy, will, using a small angle approximation, also produce a sinusoidally
varying error Ay in the estimated compass angle with amplitude Ay« given in radians by:

AV, \2 / AV, \2 AV.2 + AV, 2
A Ean. 29

Bcos Bcos |Bcosd|

Since compass heading errors resulting from errorsin the pitch and roll angles computed from the
accelerometer and errorsin the estimated hard-iron offset both produce a sinusoidal variation in compass
error with one cycle per 360°, there is the potential for confusion between these two error sources.

Equation 29 provides the mathematical justification for the statement in Application Note AN4247 that:

"...the lowest value of the horizontal field strength likely to be experienced by a smartphone user is10 uT
in northern Canada and Russia. A compass heading accuracy of 0.05 radians or 3° therefore requiresthat
the error in estimating the geomagnetic field be no more than 0.5 puT".

Substituting the values in the previous paragraph into Equation 29 and, recognizing that Bcosdis the
horizontal geomagnetic field component, gives the constraint on the maximum permissible error in the
estimated hard-iron offset for 3° compass accuracy as.

JAV,2+ AV <0.05 x10uT = ,/AV,> + AV,” <054T Eqn. 30

7 Soft-Iron Magnetic Calibration Induced Errors in
Compass Angle

Application note AN4926 equation 5 defines the model for the magnetometer output By in the presence of
the true hard-iron vector V, true soft-iron matrix W, and true orientation angles ¢y, &y, ¥ as.

Ccos
Bp = WoR,(90)Ry(6p)Ry( %)B[ Oj +Vo Eqn. 31
sin

If, for simplicity, the model is restricted to soft-iron effects only for the two-dimensional configuration
#o = G = Othen the magnetometer output is:

cos Bcosy,coso
Bp = WoRL( z//o)B[ Oj = WO{—Bsin yfocosé‘J Eqn. 32
sin Bsing

The locus of the magnetometer readings corrected by the estimated inverse soft-iron matrix Wlis:

Bcosy,coso T Bcosy;cosd
T _
(V\Fpr) (Wpr) =W lW{—Bsin WOCOS% W‘lWo{—stn WOCOS§] Eqgn. 33
Bsind Bsind
Accuracy of Angle Estimation in eCompass and 3D Pointer Applications, Rev. 1.0
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Soft-Iron Magnetic Calibration Induced Errors in Compass Angle

Bcos ypcoson T Bcos y,coso
. . _ -1
= BIW™h'W'B, = [—Bsin yfocosaJ wiow'w WO{—Bsin y/ocosa] Eqn. 34
Bsino Bsino

L . 4T -1 . .
Itistrivial to prove that the matrix wg (W 5w W, Issymmetric. In consequence, Equation 34

defines an ellipsoid (see AN4246 equation 13 for details) and the locus of magnetometer readings
corrected by the estimated inverse soft-iron matrix WL lies on the surface of this ellipsoid. If the
calibration is perfect, then Wl Wy = | and the corrected magnetometer values lie on the surface of a
sphere. In general, however, the calibration will be slightly imperfect and the corrected values will lie on
an ellipsoid which approaches the sphere in the limiting case of perfect calibration.

Figure 6 shows Equation 34 in diagram form. The outer dotted ellipse is the locus of the magnetometer
readings By distorted by the soft-iron matrix W, as defined by Equation 32. Perfect calibration using
wl Wy = | would move the locus to the inner solid circle resulting in no compass heading error. In
practice, imperfect calibration correction by W1 where w1 W, = | moves the locusto the inner ellipsoid
defined by Equation 34 with error Ay in the compass heading angle.

+j Projection of
<{ geomagnetic
vector

1-B

.
‘e,
.
Yea,
........

-
ot
""""""
.........
...........

Figure 6. Locus of the Geomagnetic Vector With Imperfect Soft-lron Correction

Visual inspection of Figure 6 shows that the compass error Ay resulting from imperfect soft-iron
calibration will vary with two cycles per 360°. The error can easily be computed mathematically by
defining W Wy =1 + AW, where AW is ameasure of the residual error in the soft-iron calibration
estimate, and substituting into AN4248 equation 22.
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Soft-Iron Magnetic Calibration Induced Errors in Compass
In the two dimensional model we're considering, | + AW can be written as:
(1+ AWy AWy, O

|+ 4AW = AW, (1+ AW 0 Eqgn. 35
0 1 0

The error in the estimated compass heading angleis then:

(1 + AW,,)sinyy — AW,,c0S ¥,
(1+ AWyg) cosyy — AWy Siny,

tany = tan(yy + Ay) = Eqgn. 36
The right hand side of equation 36 is unchanged when evaluated at compass angles y,and y,+ 7 which
impliesthat the compass heading error Ayis equal at angles yyand y,+ 7. The compass heading error
Awresulting from incompl ete soft-iron correction therefore undergoes two cycles per 360°.

Figure 7 shows the explicit calculation of Equation 36 for the case of AWy; = AWy = -AWg = -AWp;
varying from 0to 0.1 in steps of 0.02.

Yaw Angle
Error (deg) —\Wxx=0.1
o —Wxx=0.08
—Wxx=0.06
2 4 —Wxx=0.04
—\Wxx=0.02

Yaw Angle (deg)

Figure 7. Soft Iron-Induced Compass Angle Errors

The presence of an error signal with two cycles per 360° is characteristic of soft-iron calibration errors.
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Extension to Time Varying Sensor Errors

8 Extension to Time Varying Sensor Errors

The previous sections of this document have calculated roll, pitch and compass angle errors as a function
of known errorsin the accel erometer and magnetometer sensor outputs. Since the sensor outputswill have
both a DC and arandom time varying component, the previous results apply either to i) time averaged
angle errors as afunction of the DC component of the sensor outputs or ii) to instantaneous angle errors at
aspecific time.

This section therefore extends the discussion to time varying sensor error outputs and shows how these are
defined by parameterslisted in the data sheets. Finally, the effect of any digital filtering is discussed since
thiswill, in general, change the statistics of the sensor outputs and the statistics of the angle errors.

8.1  Accelerometer Zero-g Offset

An accelerometer data sheet will specify a 'zero-g offset level’ error which is the accel erometer channel
reading under conditions of zero acceleration or zero gravity where the correct reading should be zero. The
zero-g offset level istherefore afixed DC offset for a given accelerometer channel. Different
accelerometer channels will have different DC offsets.

The data sheet for the Freescale MM A8451 three axis accel erometer specifies a zero-g offset for each axis
as being independently distributed in the range £20 mg before board mount and increasing to £30 mg after
board mount as aresult of the thermal stresses in the soldering process.

The zero-g offset will aso vary with temperature. For the MMA8451, Freescale specifies atypical
distribution range of +0.15 mg/C for the zero-g offset over the operating range -40°C to 85°C.

To a good approximation, accelerometer sensors have alinear response to acceleration or gravity so that
the zero-g offset for a specific channel of a specific sensor at a particular temperature will also be an
additive offset over the entire operating range of that sensor channel. For example, if the y-channel zero-g
offset of aspecific MMAB8451 accelerometer is-18.45 mg at 30C after mounting on aPCB then an additive
correction of +18.45 mg should be applied to any y axis accel eration measurement at 30°C temperature for
that part.

8.2  Magnetometer Zero-Field Offset

The corresponding figure for a magnetometer sensor is the 'zero field' offset which is the output in the
absence of any magnetic field. For reasons explained in Application Note AN4246, the zero field offset
error simply adds to the PCB hard-iron offset and is normally calibrated away at the sametime. It is
therefore common practice among magnetometer sensor suppliers to not calibrate the zero-field offset
during manufacture.

8.3  Accelerometer Noise Figure

Accelerometer noiseis typically specified as a noise amplitude A measured in pg per /Hz for a specific
output data rate. The Freescale MMAB8451, for example, has a noise amplitude A of 126 pg per /Hz at
an output data rate of 400 Hz.

Accuracy of Angle Estimation in eCompass and 3D Pointer Applications, Rev. 1.0
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Extension to Time Varying Sensor Errors

The noise amplitudeis difficult to understand physically because of its units of pg per ./Hz . Squaring the
noise amplitude A, however, gives the noise power density P measured in 92 per Hz which is physicaly
understandabl e as the distribution of noise power with frequency. The MMA8451 noise amplitude of

A =126 ug per /Hz translates to a uniform noise power density of P = 1.59 x 10892 per Hz. Theflat
spectrum implies that the accel erometer noise spectrum is white with noise values uncorrelated from one
output sample to the next.

The corresponding noise amplitude o in the time domain can be determined by simply equating the
integral of noise power density P between DC and the Nyquist frequency (equal to half the accelerometer
output sampling frequency fJ) to the noise power o2 in thetime domain:

,  (wa f'zx
o® = jo Pdf = jo Pdf = Pfyyq= 6 = fPhyyq = Affag Eqn. 37

Equation 37 justifies the mathematical shortcut of multiplying the noise amplitude density A by the square
root of the Nyquist frequency to obtain the RM S noise amplitude o in the time domain.

Applying Equation 37 to the Freescale MMA8451 at 400 Hz samfl ing rate (and 200 Hz Nyquist
frequency) gives an integrated noise power of 200 x 1.59 x 108g? = 3.18 x 10°®g? and an RM S noise
amplitude o equal to 1.78 mg. The same result for o can be obtained using the shortcut to multiply the
noise amplitude A by the square root of the Nyquist frequency to give 126 ug x 14.14 which aso equals
1.78 mg.

8.4  Magnetometer Noise Figure

The magnetometer noise is commonly specified directly asan RM S amplitude for specified output
sampling rates. For the Freescale MA G3110 magnetometer, for example, the output noise in each channel
is0.25uT RMS at 10 Hz output datarate rising to 0.4 uT at 80 Hz output rate.

8.5 Sensor Noise Statistics

The model for the error component of a specific accelerometer or magnetometer channel x[n] istherefore
the sum of DC term p and a zero mean, unit variance, white noise process u[n] scaled to have variance ¢

x[n] = g+ ou[n] Eqgn. 38

x[n] istherefore equivalent to the instantaneous accel erometer or magnetometer error referred toin earlier
sections.

It is additionally assumed that the sensor noise has aNormal distribution N(z, 62). Integrating this
distribution gives the probability of measurements lying within one, two and three standard deviations of
the mean:

_!X_ [”2

p(-go, 0) = ——-1—”[a e 27 dx= erf(—l—) = 68.3% Eqn. 39
o2 _, 2
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2

)
D(=20.20) = —=— 0 e 2 dx= erf(i) = 955% Eqn. 40
’ o210 55 J2 ' '
_ix_!Qz
p(-30,30) = 1 e 27 dx= erf(—-s—) = 99.7% Eqn. 41
’ o2 36 2 ' '

68.3% of measurements derived from aNormal distribution lie between + one standard deviation, 95.5%
within * two standard deviations and 99.7% within + three standard deviations of the mean. For the
example of the MMAB8451 at asampling rate of 400 Hz, 95.5% of measurementswill lie within arange of
+2 x 1.78 mg = £3.56 mg of the mean.

Occasionally an accelerometer noise figure will be specified in terms of bit counts. The Freescale
MMAT7660 isa6-bit accelerometer with range +1.5¢g. The sensitivity istherefore 32/ 1.5g = 21.33 bitg/g.
The noise level for the MMAT7660 is defined as £1 bit or £46.88 mg for 94% of measurements. On the
assumption of a Normal distribution, the RM S noise amplitude for the MMA 7660 will be approximately
23 mg.

It cannot be assumed that the resulting error anglesare Normally distributed just because the accel erometer
or magnetometer noise is Normally distributed. But, since the mapping from sensor error to angle error is
monotonic, it can be assumed that 68.3%, 95.5% and 99.7% of angle errors will be within the limits

computed by inserting one, two and three standard deviation sensor errors into the appropriate equations.

8.6  Effects of Digital Filtering

Sensor noise levels are commonly reduced by low pass filtering. The general input-output difference
equation for an arbitrary causal digital filter with transfer function H(z) is:

N-1

y[n] = zh[i]X[n—i] Eqn. 42
i=0

Equation 42 applies both to finite impul se response filters (N finite) and infinite impul se response filters
(N unbounded). The transfer function H(z) is defined as:

N-1

H(z] = Zh[i]z‘i Eqn. 43
i=0

If X[n] is the noise process defined in Equation 38 then the power of the output seriesy[n] is (where E{}
is the expectation operator):

N-1IN-1

N-1 N-1
E{y[n’} = E Zh[i]x[n—i]Zh[j]x[n—j] = z Zh[i]h[j]E{x[n—i]x[n—j]} Eqn. 44
i=0 j=0

i=0j=0
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2

N-1N-1 N-1 N-1
= E{y[n]?} = zZh[i]h[j]E{pz+<52u[n—i]u[n—j]}:uz Zh[i] +62Zh[i]2 Eqn. 45
i=0j=0 i=0 i=0
N-1

The noise power is therefore reduced by the filter power gain factor Z h[i1®. As a specific example, a
i=0

simple 5 element finite impul se response low pass filter with elements (1/5, 1/5, 1/5, 1/5, 1/5) reducesthe

power of azero mean white noise process by afactor of 5 and reduces the amplitude by afactor of /5.

The effects of any such filtering on the statistics of the sensor output must be included before calcul ating
the statistics of the resulting angle errors.
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